We study a simple vertex operator algebra (VOA) V containing a set of mutually orthogonal simple conformal vectors e i : i = 1, ..., n with central charge 1 2 such that the sum is the Virasoro element. In [M3], the author showed that it defines two mutually orthogonal binary linear codes D and S. We prove that V is the only irreducible V -module if D = S ⊥ . Applying the way of constructing VOA given in [M3], we give a new construction of the moonshine VOA V ♮ . It easily comes from the tensor product of three VOA V E 8 of lattice of type E 8 . We observe that the orbifold construction from V E 8 coincides with the change of sets of coordinate conformal vectors in Hamming code sub VOA V H8 of V E 8 in this study.
Introduction
The most interesting example of vertex operator algebra (VOA) is the moonshine module
Although it has many interesting properties, its VOA structure and its automorphism group ( the Monster simple group) are very difficult and it is also hard to see the actions of the Monster simple group explicitly, see [FLM2] .
On the other hand, the simplest example is one of the minimal series of rational VOA L(
16
-word h(χ) = (h i ) of length n by χ(τ i ) = (−1) h i , see [M3] . The set of such binary 1 16
-words forms an even linear subcode C(P ) orthogonal to D and the weights of h(χ) are all multiples of eight. One of our main theorems in this paper is that if C(P ) = D ⊥ then V is the only irreducible V -module, see Theorem 5.2. Such a VOA is called a holomorhic VOA. In [M3] , the author showed a new way of constructing VOAs, which is the reverse of the above arguments. In order to apply this method to construct the moonshine VOA V ♮ , we will define an even linear binary code MGC of length 48 and an irreducible M MGCmodule V α for each α ∈ MGC ⊥ satisfying the associativity and the commutativity given in Hypothesis II in [M3] . As we will see, it is sufficient to prove that
has a simple VOA structure for any α, β ∈ MGC ⊥ . We will construct such modules from submodules of the tensor product of three VOAs V E 8 constructed from a lattice of type E 8 . It is known that there is a closed relation between E 8 ⊕ E 8 ⊕ E 8 and the Monster simple group [FLM1] , we will reveal this relation in this paper. In order to find irreducible M MGC -modules V α , we will study the decomposition of the lattice VOA W = V E 8 of type E 8 . It is known that the orbifold construction from V E 8 defines the same VOA. We will notice that this orbifold construction coincides with the change of sets of coordinate conformal vectors in some Hamming code sub VOA V H 8 . Repeating these orbifold construction, that is, changing the set of coordinate conformal vectors of V E 8 , we will find a set of mutually orthogonal 16 conformal vectors {e i : i = 1, ..., 16} satisfying the following:
(1) P =< τ e i : i = 1, ..., 16 > is of order 2 5 .
(2) Let D be an even linear code of length 16 satisfying M D = (V E 8 ) P , then S(P ) = D ⊥ is a linear code with dimension 5 generated by where (a n * ) denotes (a · · · a * ) and ({abc} n * ) denotes (abcabc · · · abc * ).
From the above codes, we will define a new code S ♮ of length 48 by
and call it "the moonshine code." It is easy to see that MGC does not contains a codeword of weight 2. We note that every element of S ♮ has a form
for α ∈ S(P ) and α denotes the complement. 5) (see [DM] and [M3] ). In particular,
Our construction consists of the following two steps. First, we will find a sub VOA 9) where W (α,β,γ) is given by permutations π on 3 letters such that
and U denotes a coset M D -module M D+(10 15 ) . Next, we induce it
One of important results in this paper is that if V = ⊕ α∈S V α has a VOA structure and
(V ) has also a VOA structure as long as D, S = 0. In this situation, we have S ♮ = MGC ⊥ and so V ♮ is the only irreducible V ♮ -module by Theorem 5.2. From the construction, we will easily see that dim(V ♮ ) 0 = 1 and (V ♮ ) 1 = 0. This is a new construction of the moonshine VOA.
Moreover, we will construct an infinite series of VOAs satisfying the following three conditions by the same ways as in §6.
(1) Their full automorphism groups are finite. (2) They have only one irreducible module. (3) The central charges are multiples of eight. The character of conformal field theory satisfying (2) and (3) is a modular invariant partition function up to the scalar multiples. In such a theory all correlation functions are meromorphic, and hence these theories have been called meromorphic conformal field thoeories in [G] . In this paper, we abuse our notation and we call V meromorphic if V satisfies (2) and (3). A VOA satisfying (1) is called holomorphic in [DLM] , but a holomorphic vertex algebra has a different meaning in [K] . In order to avoid the misleading, we don't use "holomorphic" here.
In §4, we investigate the structure of V E 8 . In §5, we prove the main theorems. In §6, we construct the moonshine VOA V ♮ . In §7, we prove that V ♮ in the above is equal to the one in [FLM2] . In §8, we will construct an infinite series of meromorphic VOAs.
Notation and preliminary results
Throughout this paper, W denotes the VOA V E 8 constructed from an even unimodular lattice of type E 8 . We adopt all notation and results from [M3] .
Even binary linear codes, also see (4.3). The space of intertwining operators of type
The rational Virasoro VOA with central charge
, 0)-module with lowest weight h.
MGC
The moonshine code, see (6.4).
M0, M1
The even and odd parts of the SVOA L(
M D A VOA constructed from an even binary linear code D, see [M3] . 
, h i ) is a binary word (h i ) of length n
An automorphism of VOA given by e, see [M1] . × A fusion rule or a tensor product.
The VOA constructed from the lattice of type E 8 .
The eigenspace or the subspaces with
An essential tool is the following construction of VOA given in [M3] .
Hypotheses
(1) D and S are both even linear codes with length n = 8k.
(2) D, S = 0. (3) For all α ∈ S, the weight |α| is a multiple of eight. (4) For any α ∈ S, D contains a self-dual subcode E α such that E α is a direct sum
-word α is given for each α ∈ S. In particular,
has a simple VOA structure.
Theorem 2.1 ( [M3] ) Under the assumptions (1) ∼ (7),
has a unique simple VOA structure up to the scalar multiples of bases of V α .
Remark 1 Although we construct a VOA from a set of irreducible M D -modules V α i for a set of generators α i of S in [M3] , we will here define irreducible M D -modules for all codewords of S directly. Therefore, the associativity and the commutativity come from the above (7).
3 Hamming code VOA
In [M3] , we classifies all irreducible M H8 -module with lowest weights in 1 2
Z. Let's classify all irreducible M H8 -modules. Let U be an irreducible M H8 -module and α be a word of 
where q α is given in (4.33) of [M3] .
By [M3] , M H8 contains three sets of coordinate conformal vectors
Since H 8 is generated by 3 codewords with weight 4 and one codeword (1 8 ), we can rearrange the order of f i and d i such that the following Lemma holds:
-word α, then the
is also α or its complement.
[Proof]
In case that |α| = 0, 8, then we have already proved the result in [M3] . Let
-words of W i as < f 1 , ..., f 8 >-modules. As we showed and by the fusion rule, they are distinct codewords and |β i | = 4. By permuting < f 1 , ..., f 8 >, we may assume α i = β i for i = 1, 2, 3. For any other word α with weight 4, we have the desired result by the fusion rules of L(
In this section, we will see that the orbifold construction from VOA V E 8 coincides with the change of a set of coordinate conformal vectors of a Hamming code sub VOA of V E 8 . Let
Clearly, E 8 (1) is an even unimodular positive definite lattice. Since E 8 is the only unimodular positive definite even lattice of rank 8, E 8 (1) is isomorphic to E 8 . We also have other expressions of E 8 -lattice as follows:
They are all unimodular even lattices of rank 8 and so they are all isomorphic to the lattice of type E 8 . For each m = 1, 2, 3, 4 and using the coordinate given by E 8 (m), we obtain a set of mutually orthogonal 16 conformal vectors
for i = 1, ..., 8, j = 1, 0 as given in [DMZ] . We take this set as a set of coordinate conformal vectors. Set P (m) =< τ e i : i = 1, ..., 16 >, where τ e i is an automorphism given by e i , see [M1] . Set L(m) = L(1) ∩ E 8 (i) for i = 2, 3, 4. Namely, it is a sublattice of E 8 (m) generated by elements of form
for an even linear code D(m) of length 16.
Remark 2 Let's explain the relation of the orbifold construction and our structure. As we showed in [M3] ,
),
, 0) and
). Therefore, the orbifold construction is generally corresponding to the following two steps as we will see in the next example. Assume that n is an even positive integer and (0 2i 110 n−2i−2 ) ∈ D for all i = 1, ..., n/2.
Set β = ({01} n/2 ).
( -words in < D ⊥ , β >.
In the case of M3] , 
Hence, if we set P 2 =< τ f i , τ e j : i = 1, ..., 8, j = 9, ..., 16 > and define a linear code D 2 by are the sets of all even words in {1, 2, ..., 8} and {9, ..., 16}, respectively. It is easy to see that these decompositions coincide with the decomposition given by E 8 (2).
We next start from E 8 (2 (2), respectively. Let 
where D i 3 is the set of all even words in {4i − 3, 4i − 2, 4i − 1, 4i} for i = 1, ..., 4. We also have
This corresponds to the decomposition to E 8 (3) and D 3 = D(3). D(3) also contains two orthogonal Hamming codes H 1 (3) and H 2 (3) whose supports are {1, 2, 5, 6, 9, 10, 13, 14} and {3, 4, 7, 8, 11, 12, 15, 16}.
Repeating the above arguments, we have Remark 3 Since D(5) does not contains a subcode {(α, α) : α ∈ Z 8 2 } for any splits of coordinates into 8 and 8, it is impossible to assign
) for all i = 1, ..., 8 and so we cannot construct D(5) and S 5 from a lattice directly.
The mutually commutativity
In this section, we will prove the main theorems in this paper. In the construction of VOA, the condition (7) in Hypotheses is the essential. We will show an easy method to choose irreducible modules satisfying (7). Let E be a self-dual subcode of D and E is a direct sum of Hamming code. Here Ind(U) denotes Ind
In order to prove the above theorem, we will prove the following lemma: have the desired conclusion.
Proof of the theorem
Let's start the proof of the theorem. Let Y (v, z) ∈ End(U) be a vertex operator of v ∈ U. By the fusion rule and the above lemma, Y ( * , z) determines an intertwining operator I( * , z)
v, u ∈ U by the arguments in §5 of [M3] . Clearly, for any v ∈ V , I(v, z) satisfies the commutativity with I(u, z) for u ∈ M D and the powers of z in I(v, z) are all integers because they are intertwining operators and 1 16
-words of V are all orthogonal to D. Let u ∈ W 1 , then Y (u, z) satisfies the commutativity with itself on U. Since
is a M D -module containing U, we have that I(u, z) satisfies the commutativity with itself on V . Clearly, {I(v, z) : v ∈ M D ∪ {u}} generate all intertwining operators by the normal products and so all {I(v, z) : v ∈ V } satisfy the mutually commutativity. The other required conditions are also easy to check and so we have a structure of VOA on V . The uniqueness is clear by the fusion rules.
Let V be a simple VOA containing a set of mutually orthogonal simple conformal vectors {e i : i = 1, ..., n} such that the sum of them is the Virasoro element. Set P =< τ e i : i = 1, ..., n >. As we proved in [M3] V P is isomorphic to M D for some even linear code D of length n and the set S(P ) of -words of irreducible M D -submodules of V becomes also a binary linear code of length n. As we showed in [M3] , S(P ) is orthogonal to D. We will treat the case S(P ) = D ⊥ .
-word β. Then β ∈ D ⊥ = S(P ) and so V β is nontrivial. Since {u m v : u, v ∈ V β , n ∈ Z} generates M D and M D acts on U 0 nontrivially, the associativity of module vertex operators implies that v n u = 0 for v ∈ V β and u ∈ U 0 . Therefore, U has a nonzero irreducible M Dmodule with -word (0 n ). We may assume β = (0 n ). Then U 0 is isomorphic to a coset module M D+α . By the skew symmetry, we can define the product of M D+α to V and its vertex operator has integer powers of z. Hence, α is orthogonal to 1 16
-words of V and so α ∈ S(P ) ⊥ = D. So we have that U 0 is isomorphic to M D . The associativity property of vertex operators implies that
This completes the proof of Theorem 5.2.
6 Construction of the moonshine VOA
In the section 4, we finally found a set of mutually orthogonal 16 conformal vectors e i of V E 8 satisfying the following conditions:
(1) P =< τ e i : i = 1, ..., 16 > has the order 2 5 .
(2)
D and S(P ) are corresponding to D(5) and S 5 in the section 4, respectively. For each
see [DM] and [M3] . In particular,
We note that all codewords of S(P ) except for (0 16 ) and (1 16 ) have weight 8. We define a new code S ♮ of length 48 by
Clearly, S ♮ consists of (0 48 ), 3 codewords of weight 16, 3 codewords of weight 32, 1 codeword of weight 48, and 120 codewords of weight 24 of type
for α ∈ S(P ) and |α| = 8. Set MGC = (S ♮ ) ⊥ and call it "the moonshine code." We note that MGC contains As we explained in the introduction, our construction consists of the following two steps. Clearly, W ⊗ W ⊗ W has a set (6.6) of coordinate conformal vectors and the decomposition is
where 1 is the Vacuum of W . Hence, W ⊗ W ⊗ W contains
Since W α × W β = W α+β by the action of P , V 1 is closed under the product and so it is a sub VOA. Let's induce it to
We note that since Q, S ♮ = 0, the vertex operator of some element does not have integer powers of z and so V 2 is not a VOA. However, we will show that it contains a sub VOA as follows. The M D 3 +Q -moduleW (α,β,γ) with
and it is isomorphic to a direct sum the following four modules: where W (α,β,γ) is given by permutations π on 3 letters such that (6.14) where the first π permutes
( 6.15) and the second π permutes
Since U is a coset module, it is easy to check that (6.18) Hence, V 3 is closed under the intertwining operators and they satisfy the associativity of products. We next see that the vertex operator defined by intertwining operators satisfy the commutativity, namely, we will prove that V 3 is a VOA. Set
Clearly, V 4 and V 4 ⊕ V 5 are VOAs and
has a VOA structure and so does V 7 . By the uniqueness of VOA structure and the definition of V 3 , we see that
Using the same arguments as in the proof of Theorem 5.1, we have V 3 has a VOA structure.
Next, we induce it to
Again, by Theorem 5.1, V ♮ has a VOA structure. This completes the construction of V ♮ .
Remark 4 Because of our construction, our VOA is a direct sum of the tensor product of L(
) and we know the multiplicity by Corollary 5.2 in [M3] and so it is not difficult to calculate its character = 2, since we added two copies of (M D+(10 15 ) ) that has the minimal weight . Therefore, we obtain V ♮ 1 = 0.
Isomorphism
In this section, we will show that V ♮ in the previous section is equal to the moonshine VOA in [FLM2] . In particular, we may assume that we have constructed V ♮ over the real field R. The main tool is the uniqueness of VOA structure in our cases as proved in [M3] and the finiteness of the full automorphism group. We first quote the following two theorems about the finiteness of automorphism group from [M4] . We assume the following (1)∼ (5):
(4) V has a positive invariant bilinear form , . , h) has only finite automorphisms, we have the desired conclusion.
As we proved in the above, the full automorphism group of V ♮ is finite. Also, we proved in [M4] that the untwisted part V θ Λ of the moonshine VOA contains M MGC , where V Λ is the VOA constructed from the Leech lattice Λ and θ is an automorphism of V Λ induced from −1 on Λ. We should note that the investigation of M D -modules structure of VOA constructed from lattices is not difficult by using (4.3). Therefore, we can check that V ♮ contains a M MGC -module V + isomorphic to V θ Λ . Actually, and so the full automorphism group 2 24 .1 of V + is generated by {τ e : e ∈ V + }. Moreover, it is also easy to find simple conformal vectors with central charge 1 2 in V ♮ − V + and we have that the full automorphism group of V ♮ is greater than < τ e : e ∈ V + >. These facts mean that V ♮ is equal to the moonshine VOA in [FLM2] .
Meromorphic VOAs
In this section, we will construct an infinite series of meromorphic VOAs whose full automorphism groups are finite. We will use the same notation in §6 and repeat the similar constructions as in §6.
For n = 1, 2, · · ·, set S ♮ (n) =< ({0 16 } i 1 16 {0 16 } 2n−i ), ({α} 2n+1 ) : α ∈ S(P ), i = 1, · · · , 2n > . S ♮ (n) is an even linear code of length 16 + 32n and (S ♮ (n)) ⊥ contains a direct sum D 2n+1 of 2n + 1 copies of D for each n. Let γ be an element of S ♮ (n), then there is α ∈ S(P ) such that γ = (β 1 , ..., β 2n+1 ), where β i ∈ {α, α}. We may assume that the number of β i satisfying β i = α is odd. Set
We note that V 3 (1) is equal to V 3 in (6.31). By the similar arguments as in §6, V 3 (n) has a VOA structure containing M D 2n+1 . So set
(V 3 (n)).
Then V ♮ (n) has a VOA structure and (V ♮ (n)) 1 = 0. Moreover, it is a meromorphic VOA by Theorem 5.2 and its full automorphism group is finite by Theorem 7.2.
